Abstract. Addressing a question of Gromov, we give a rate in Pansu's theorem about the convergence in Gromov-Hausdorff metric of a finitely generated nilpotent group equipped with a left-invariant word metric scaled by a factor 1 n towards its asymptotic cone. We show that due to the possible presence of abnormal geodesics in the asymptotic cone, this rate cannot be better than n 1 2 for general non-abelian nilpotent groups. As a corollary we also get an error term of the form vol(B(n))
Introduction
In his fundamental paper on groups with polynomial growth [11] , Gromov observed that Cayley graphs of finitely generated groups with polynomial growth, when viewed from afar, admit limits that are Lie groups endowed with a certain left-invariant geodesic metric. This was a simple but basic step in his proof that groups with polynomial growth admit nilpotent subgroups of finite index.
In his thesis [19] , Pansu established that, if we start with the Cayley graph of a nilpotent group, then there is a unique limit. In other words, the sequence of metric spaces {Cay(Γ, 1 n ρ S )} n∈N of scaled down Cayley graphs of the nilpotent group Γ with generating set S and word metric ρ S converges in the Gromov-Hausdorff topology [12] towards a certain explicit left-invariant subFinsler metric on a nilpotent Lie group: the Pansu limit metric on the asymptotic cone of Γ (see Figure 1 ).
The goal of this note is to study the rate of convergence in Pansu's theorem and give quantitative estimates. This question was posed by Gromov in [13, §2C Remark 2C2(a)]. It requires approximating (with explicit bounds) word metric geodesics in Γ with subFinsler geodesics in the Lie group that is the asymptotic cone of Γ and vice-versa. This problem is intimately connected to the underlying geometry of nilpotent Lie groups endowed with left-invariant subFinsler metrics.
One of our key findings is that the quality of the error term in Pansu's theorem is related to the presence or the absence of so-called abnormal geodesics in the asymptotic cone. These geodesics do not exist in classical Riemannian or Finsler geometry, but are typical in subRiemannian or subFinsler geometry (see [18] ). We show that their presence worsens the error term in the convergence to the asymptotic cone for general nilpotent groups. For example, if Γ = Z n , the free abelian group of rank n, or if Γ = H 2n+1 (Z), the 2n + 1-dimensional Heisenberg group, equipped with a word metric, then the asymptotic cone of Γ bears no abnormal geodesics, and it can be shown that the convergence to the asymptotic cone is best possible, namely with a rate 1 n . On the other hand, if Γ = H 3 (Z) × Z, the speed of convergence towards the asymptotic cone depends on the word metric, and, while for some generating sets the speed may be optimal, i.e., in 1 n , we show that, for some choices of generating sets, the rate of convergence is no faster that n − 1 2 . This is due to the fact that the asymptotic cone H 3 (R) × R admits abnormal geodesics in the direction of the second R factor (see Figure 2 and Figure 3 ). In particular, we exhibit two word metrics on H 3 (Z) × Z that have isometric asymptotic cones and yet are not (1, C)-quasi-isometric for any constant C > 0, answering negatively a related question raised by Burago and Margulis [1] .
For general nilpotent groups, we obtain a rate of convergence in O(n 2 ) if r = 2, where r is the nilpotency class of Γ. The case r = 2 is a simple consequence of a result of Stoll [21] and we use it to obtain the 2 3r exponent for general r. The above example on H 3 (Z) × Z shows that this error term is sharp for groups of nilpotency class 2. However, it is likely not to be sharp for groups of nilpotency class 3 or more and we conjecture that the exponent 1 2 holds for all nilpotent groups and is therefore independent of r.
The rate of convergence in Gromov-Hausdorff metric towards the asymptotic cone implies a rate of convergence in the volume asymptotics of Cayley balls. In particular, we obtain as a corollary that, for every nilpotent group Γ with generating set S (S finite, S = S −1 and 1 ∈ S), we have that where β r = 2 3r for r > 2 and S n is the ball of radius n in the word metric and c S > 0 a constant.
Stoll had showed in [21] that one can take β 2 = 1 for groups of nilpotency class at most 2, but nothing seemed known for higher-step groups, even though it is a folklore conjecture that β r = 1 should hold for all r. We also note that the very fact that an error term exists at all is also a distinctive feature of nilpotent groups. Indeed, there is a class of (non-discrete) groups of polynomial growth (of the form R 2 ⋊ θ Z, where Z acts by an irrational rotation with angle θ), which are solvable but not nilpotent, for which it can be shown that the volume asymptotics (here vol(B(n)) ≃ cn 3 ) admit no error term whatsoever if θ is chosen carefully [6] .
In this note we present the aforementioned results and give some information on their proofs, although full details will be given elsewhere due to lack of space.
The note is organized as follows. First, we state our main result about the rate of convergence to the asymptotic cone, Theorem 2.2 below, and explain the strategy of the proof and its main ingredients. In the second part of the paper, we present the example showing the sharpness of the exponent 1 2 for step-2 groups (Theorem 5.1 and Proposition 5.2). We then describe some ideas in the proof of the sharpness result, in particular a detailed study of the geometry of subFinsler metrics on the Heisenberg group and its direct product with R. Finally, in the last part of the note, we prove the volume estimate (1.1), discuss the volume asymptotics conjecture, and its relation to some well-known conjectures in subRiemannian geometry.
The rate of convergence to the asymptotic cone
We now recall Pansu's description of the asymptotic cone of a nilpotent group and state our main theorem. Let Γ be a torsion-free nilpotent group generated by a finite set S (we assume 1 ∈ S and S −1 = S). It is well-known [20] that Γ embeds as a co-compact discrete subgroup of a simply connected nilpotent Lie group G, its Malcev closure. Let g be the Lie algebra of G. One can associate to g another nilpotent Lie algebra, called the graded Lie algebra of g and denoted by g ∞ by setting
where
] is the central descending series of g and where the Lie bracket is defined in the natural way by the formula [x mod g (i+1) , y mod g
The exponential map establishes a diffeomorphism between g and the Lie group G and between g ∞ and a simply connected Lie group G ∞ . We denote the group law on G ∞ by x * y to distinguish it from the group law on G, for which we simply write x · y. The projection Lie algebra homomorphism
lifts to a group homomorphism π : G → g/[g, g] which, by a slight abuse of notation, we also denote by π. The image π(Γ) is a discrete co-compact subgroup of the vector space g/[g, g] generated by π(S). In particular π(S) defines a norm on g/[g, g] whose unit ball is the convex hull of π(S). We call this norm · S the Pansu limit norm of the pair (Γ, S).
Viewing g/[g, g] as a subspace of the graded Lie algebra g ∞ , we may define a left-invariant subFinsler metric on G ∞ with horizontal subspace g/[g, g] and norm · S . In other words, there is a left-invariant geodesic metric d ∞ on G ∞ defined by d ∞ (x, y) := inf{L(γ)}, where the infimum is taken over all piecewise linear horizontal paths γ from γ(0) = x to γ(1) = y, and L(γ) is the length of γ measured using the the Pansu limit norm · S . A piecewise horizontal path is by definition the concatenation of finitely many segments of one parameter subgroups of G ∞ of the form {exp(tX)} t∈[0,T ] for some X ∈ g/[g, g].
The distance d ∞ is geodesic and left-invariant by definition. We call it subFinsler, because the norm · S is not a Euclidean norm but a polyhedral norm. It is not a Finsler metric however (if g is non-abelian), because the norm is only defined on a subspace of the Lie algebra. It can be checked that this subspace g/[g, g] generates the whole Lie algebra. This implies (Chow's theorem [18] ) that every two points in G ∞ can be joined by a piecewise linear horizontal path and thus d ∞ is well-defined. We note finally that it can be shown [4] that any left-invariant geodesic metric on a connected Lie group is a subFinsler metric for some norm on a generating subspace of the Lie algebra.
We call the distance d ∞ the Pansu limit metric of (Γ, S). Pansu showed in his thesis that (G ∞ , d ∞ ) is the asymptotic cone of (Γ, ρ S ). More precisely he showed that the sequence of renormalized Cayley graphs Cay(Γ, 1 n ρ S ) of Γ converges towards (G ∞ , d ∞ ) in the Gromov-Hausdorff topology on pointed metric spaces (based at id). Here ρ S is the left-invariant word metric on Γ defined by ρ S (x, y) := inf{n ∈ N; x −1 y ∈ S n }.
For any R > 0, set X ∞ (r) := (B d∞ (id, R), d ∞ ), where B d∞ (id, R) is the closed ball of radius R in (G ∞ , d ∞ ). Similarly, we set X n (R) := (B S (id, Rn), 1 n ρ S ), where B S (id, Rn) is the closed ball of radius Rn in the Cayley graph (Γ, ρ S ). Then Theorem 2.1 (Pansu [19] ). For every R > 0, X n (R) converges to X ∞ (R) in the Gromov-Hausdorff topology.
Recall that the Gromov-Hausdorff metric between any two compact metric spaces
where an admissible metric d Z on the disjoint union Z = X ⊔ Y is a distance on Z which coincide with d X on X and with d Y on Y .
Here is our main result:
There is a positive constant α r > 0 depending only on the nilpotency class r of Γ such that. as n → +∞,
Moreover one can take
Note that X n (1) as a set is the ball of radius n for the word metric ρ S on Γ. Note also that by scaling, this also implies that
Theorem 2.2 addresses a question of Gromov [13, Remark 2C2(a) ]. Speaking of the Gromov-Hausdorff distance between X n (1) and X ∞ (1) he says "any bound on these distances would be a pleasure to have in our possession, even in the case of word metrics on Γ".
Although we have proved Theorem 2.2 for word metrics on Γ only, using Burago's theorem [7] , one can adapt our arguments and prove a similar result (at least with α r 1/2r) for Γ-invariant Riemannian metrics on the Malcev closure G of Γ and more generally for Γ-invariant coarsely geodesic metrics on G. We will not pursue this here.
Our result is sharp for r = 1, 2. The sharpness in case r = 2 is discussed below and is related to a conjecture of Burago and Margulis [1] and to the presence of abnormal geodesics in the asymptotic cone. However, we believe that the exponent is not sharp for r > 2 and that the exponent when r = 2 is deduced from a theorem of Stoll [21] and Stoll's result is also used in order to obtain the exponent 2 3r for r > 2.
Comparison of metrics on a nilpotent Lie group
In order to prove Theorem 2.2, one needs to first have some understanding of the large scale behavior of subFinsler metrics on nilpotent Lie groups. Given two left-invariant subFinsler metrics d 1 and d 2 on a simply connected nilpotent Lie group G, the following gives a simple criterion for when they are asymptotic and also gives an error estimate. 
The norms · 1 and · 2 are the norms used to define d 1 and d 2 . respectively, as recalled in the preceding section. Similarly, one can prove that (G, d 1 ) and (G, d 2 ) have isometric asymptotic cones if and only if the normed vector space g/[g, g] endowed with the projection of · 1 is isometric to the same space endowed with the projection of · 2 .
Item (ii) in the above proposition can also be replaced with 'the projection under π of the unit balls of d 1 and d 2 coincide'. In this form the proposition applies also to word metrics, instead of subFinsler metrics, that is the pseudo-distances on G of the form d U (x, y) = inf{n ∈ N; x −1 y ∈ U n }, where U is a bounded symmetric neighborhood of id in G.
The above dealt only with G-invariant metrics. For Theorem 2.2, one also needs to consider metrics on the discrete co-compact subgroup Γ, or more generally Γ-invariant metrics on G. This is more involved, because small errors made in discretizing at various places in the group can accumulate and generate a large error in the end.
Let G be a simply connected nilpotent Lie group and Γ a discrete co-compact subgroup of G. Let ρ S be the left-invariant word metric on Γ associated to a finite symmetric set S. The following result is very closely related to Theorem 2.2 and gives an estimate of the error term between ρ S and G-invariant subFinsler metrics on G. 
This is consistent with Proposition 3.1 because α r 1 r . One may wonder however if, given S and ρ S , there is a distinguished G-invariant subFinsler metric on G that best approximates ρ S . A good candidate for this is the following choice of subFinsler metric, which we call the Stoll metric associated to (Γ, S).
Identifying G with its Lie algebra g via the exponential map, we may view the finite symmetric set S as a subset of g and take its convex hull. It spans a vector subspace V S of g. Let · S be the norm on V S whose unit ball is the convex hull of S. Then · S induces a left-invariant subFinsler metric d S on G, which we call the Stoll metric.
In a very elegant short paper [21] M. Stoll proved this claim 1 when the nilpotency class of Γ is at most 2. It remains an open problem for r > 2. In fact, even the existence of some G-invariant metric on G that lies at a bounded distance from ρ S seems unknown.
Of course, by Proposition 3.1, the Stoll metric and the G-invariant Pansu limit metric (induced by · ∞ ) are asymptotic, but the Stoll metric seems to capture the finer behavior of the word metric.
The fact that Conjecture 3.3 holds for r = 2 has the following simple consequence.
This lemma will be helpful in the proof of Theorem 2.2 in order to approximate a subFinsler geodesic by a word metric geodesic.
From continuous geodesics to discrete ones and back
We now give a brief sketch of the proof of Theorem 2.2. For the sake of simplicity we will assume that the Lie algebra g is isomorphic to its graded g ∞ . Additional technicalities arise if this is not the case, but they do not affect our convergence
rates. In what follows we identify the Lie group with its Lie algebra via the exponential map. On g ∞ there is a natural one-parameter group {δ t } t>0 of automorphisms called dilations, and defined by the formula
. The dilations scale the subFinsler metric d ∞ nicely and we have:
Theorem 2.2 can be easily deduced from the following proposition. We recall that B S (id, n) is the ball of radius n in Γ for the word metric ρ S and d ∞ is the associated Pansu limit metric on the asymptotic cone of Γ. 
The two parts of the proposition are fairly distinct. The first one follows immediately from Proposition 3.1, because ρ S (id, γ) d S (id, γ) for all γ ∈ Γ, where d S is the Stoll metric defined in the previous section. The second part of the proposition lies deeper as we need to approximate a d ∞ -geodesic in G with a ρ S -geodesic in Γ. This is done by first splitting a d ∞ -geodesic in G between id and δ n (x) into m ≃ n 
as a subspace of g ≃ g ∞ . Finally one applies Lemma 3.4, which itself relies on Stoll's result [21] , in order to approximate each π 2 (y i ) by a suitable element of Γ and this ends the proof.
The approximation of y 1 · . . . · y m by π 2 (y 1 ) · . . . · π 2 (y m ), as well as the proof of Proposition 3.1 relies mainly on the Campbell-Baker-Hausdorff formula and the following simple fact, also used in [19] , which is itself a version of the classical Gronwall's lemma. We note that a similar argument was used by the secondnamed author in [17, Appendix] . 
L, and that ξ
Note that the only reason for splitting the original d ∞ -geodesic into m pieces is to be able to have long enough pieces so that the projection to G/G (3) can be well approximated by a ρ S -geodesic using Lemma 3.4. Had we had Conjecture 3.3 at our disposal, both parts of Proposition 4.1 would follow directly from Proposition 3.1 and in the second part the coefficient α r would be as good as in Proposition 3.1, namely 1 r .
Regarding Proposition 3.1 itself, we believe that the exponent 1 r can be replaced with 1 2 even if r > 2. We have checked this only when r 4 so far. Combined with Conjecture 3.3, having the exponent 1/2 would imply that one could take α r = 1 2 in Theorem 2.2 also, at least for graded nilpotent groups.
Stoll's proof of Conjecture 3.3 for r = 2 relies on a good understanding of geodesics for the d S metric, and in particular the fact that every point in G can be joined by a d S -geodesic that is piecewise horizontal linear with a bounded number of distinct linear pieces. Despite the fact that Lemma 3 in [21] does not hold for r 3, this latter property is likely to hold for all r.
Abnormal geodesics, the Burago-Margulis conjecture and the sharpness of Theorem 2.2
We now pass to the second part of this note, which concerns with the construction of a specific example showing that Theorem 2.2 is sharp for groups of nilpotency class 2. The fact that the best exponent α 2 is 1 2 instead of 1 is somewhat surprising, not only because α 1 = 1, but because of the fact that for the archetypal examples of step 2 groups, namely the Heisenberg groups, the best exponent is also 1, for any choice of generating set, see [15] .
In fact this issue is related to another surprising phenomenon of subRiemannian geometry, namely the existence of abnormal geodesics, see [18] . Loosely speaking, these are geodesics, say connecting two points x and y, such that the endpoints of the ε-variations of that geodesic do not cover a full ball (for a Riemannian metric in some chart) of radius > Cε around y, for some positive C. So typically, even when x = y, if the geodesic connecting x and y is abnormal, one will be able to find points z near y at distance say ε from y in a Riemannian metric that are not at distance d(x, y) + O(ε) from x.
Abnormal geodesics do not exist in Riemannian geometry as one can see from the first variation formula, and they are a distinctive feature of subRiemannian geometry. A typical example is provided by segments of one parameter horizontal subgroups in the free nilpotent Lie group of step 2 and rank at least 3.
In this section, we consider the group G = R × H 3 (R), the direct product of the 3-dimensional Heisenberg group and the additive group of R. We write an element of this group as g = (v; x, y, z) if g = (v, exp(xX + yY + zZ)), where (X, Y, Z) forms a basis of the Lie algebra of H 3 (R) such that [X, Y ] = Z. It turns out that, if one puts a subFinsler product metric on G starting with a subFinsler (but not Finsler) metric d 3 on H 3 (R), say d((0, id), (t, g)) = |t| + d 3 (g, id), then the segments {(t, id)} t∈ [a,b] are abnormal geodesics. Indeed, since Z is the central direction in the Lie algebra of H 3 (R), the points (1, exp(εZ)) are at distance at least 1 + c √ ε from An analogous example in the discrete group G(Z) := H 3 (Z) × Z was given in [6] in order to disprove a conjecture of Burago and Margulis. Let ρ 1 and ρ 2 be the left-invariant word metrics on G(Z) induced by the finite generating sets
respectively. Then it follows from Theorem 3.2 that ρ 1 and ρ 2 are asymptotic in the sense that ρ1(id,γ) ρ2(id,γ) tends to 1 as γ tends to +∞ and thus that (G(Z), ρ 1 ) and (G(Z), ρ 2 ) have isometric asymptotic cones. However, if γ n = (n; 0, 0, n), then one checks easily that ρ 1 (id, γ n ) = n while ρ 2 (id, γ n ) − n ≫ √ n, see [6] . A picture of the unit ball of the asymptotic cone of (G(Z), ρ 1 ) is given in Figure 2 .
In [1] Burago and Margulis had conjectured that on any discrete group Γ any two left-invariant word metrics ρ 1 and ρ 2 satisfying ρ1(id,γ) ρ2(id,γ) → 1, as γ → ∞, must be at a bounded distance from each other, namely |ρ 1 (id, γ) − ρ 2 (id, γ)| C for all γ ∈ Γ. This is certainly the case in Z d and Krat [15] established it for the Heisenberg group and for word hyperbolic groups. Abels and Margulis proved an analogous result for word metrics on reductive Lie groups. However, the above example shows that it fails in general.
It turns out that a much stronger property holds for the word metrics ρ 1 and ρ 2 defined above on G(Z). We prove:
Theorem 5.1. Even though the two Cayley graphs are quasi-isometric and have isometric asymptotic cones, there is no C > 0 such that (G(Z), ρ 1 ) is (1, C) 
Recall that a map φ : X → Y between two metric spaces (X,
for all a, b ∈ X, and every y ∈ Y is at distance at most C from some element of φ(X).
This theorem is in sharp contrast with what happens in the Abelian case, where it is a simple matter to establish that two word metrics on Z d have isometric asymptotic cones if and only if they are (1, C)-quasi-isometric for some C > 0.
Let d ∞ be the Pansu limit metric on the asymptotic cone of (G(Z), ρ i ). It is easy to see that 
By contrast the convergence for
The proof of Proposition 5.2 relies on some geometric considerations pertaining to the precise form of geodesics in the asymptotic cone (G(R), d ∞ ) and some of its finer geometry. The key to it of course is the existence of the abnormal geodesic {(t; 0, 0, 0)} t∈[0,1] in G(R). In the next two sections, we give a sketch of the proof.
Fine geometry of the Heisenberg group equipped with the Pansu metric
We discuss here the geometry of the Pansu limit metrics on H 3 (R) and R×H 3 (R), and state the geometric ingredients needed for Proposition 5.2. Geodesics in (H 3 (R), d 3 ) are horizontal paths and can thus be described accurately by their projection to the (x, y)-plane, say (x(t), y(t)). There are three kinds of geodesics between id and a point g = (x, y, z) ∈ H 3 (R).
(i) geodesics of "staircase type" where x(t) and y(t) are both monotone (see Figure 4 , curve c). This happens if and only if |z| |xy| 2 , (ii) 3-sided arcs of square with sides parallel to the x-axis and y-axis (see Figure  4 , curve a). This happens if and only if |xy| 2 < |z| max{|x|, |y|} 2 − |xy| 2 , (iii) 4-sided arcs of square with sides parallel to the x-axis and y-axis (see Figure 4 curve b). This happens if and only if |z| > max{|x|, |y|} 2 − |xy| 2 . This classification follows easily from the solution to Dido's isoperimetric problem in the plane equipped with ℓ 1 norm (see [8] and the Appendix to [6] ). The uniqueness issue for geodesics is easily addressed: geodesics of staircase type between id and g are never unique unless |z| = |xy|/2. The 3-sided arcs of square are unique and so are the 4-sided ones except if x or y is 0.
For more information on the geometry of polygonal subFinsler metrics on the Heisenberg group, we refer the reader to the nice recent preprint by Duchin and Mooney [10] .
Accordingly, it is a simple matter to give an exact formula for d 3 . We obtain: It is easy to see that in the unit ball for the ℓ 1 norm in R k there is a unique collection of extreme points of size 2k, namely the vertices. We prove an analogous characterization of extreme points in H 3 (R) and R × H 3 (R):
Lemma 6.1 (Extreme points).
(i) Suppose g 1 , . . . , g 4 is a collection of extreme points in the unit ball of (H 3 (R), d 3 ). Then there are a, b ∈ [ Figure 5 .
(ii) Suppose g 1 , . . . , g 6 is a collection of extreme points in the unit ball of (R × This lemma has the following simple consequence for isometries of X ∞ = B d∞ (id, 1). But the above classification of extreme points is crucial to establish the following characterization of almost mid-points of extreme points. 
Finally Lemma 6.3 is used to establish the following main technical lemma needed in the proof of Proposition 5.2.
Lemma 6.4 (Almost extreme points). Suppose we are given 5 points g 1 , . . . , g 5 in
We note that in the unit ball of H 3 (R), ε-extreme points (i.e., points h 1 , ... But by Theorem 3.2, ρ 1 ((n; 0, 0, n), (n; 0, 0, −n)) ≃ d ∞ ((n; 0, 0, n), (n; 0, 0, −n)), i.e., the ratio tends to 1, as n → +∞. However, d ∞ ((n; 0, 0, n), (n; 0, 0, −n)) = d 3 (0, 0, 2n) > c √ n, for some c > 0. It follows that d ∞ (x n , y n ) > c/ √ n − 8ε n .
Therefore we are left to show that d ∞ (x n , y n ) = O(ε n ). The sequence φ n converges to an isometry φ of X ∞ . By Lemma 6.2 we may assume (up to precomposing all φ n by the isometry v → −v) that φ fixes the point (1; 0, 0, 0). It follows that x n and y n converge to (1; 0, 0, 0). Let π denote the projection G(R) → R 3 modulo the commutator subgroup. Note that π(X ∞ ) is the ℓ 1 unit ball in R 3 and has 6 vertices among which (1; 0, 0). Considering the 5 remaining vertices and the map π • φ n , we obtain points g 1 , ..., g 5 ∈ X ∞ such that d ∞ (g i , g j ) 2 − η n and d ∞ (g i , x n ) 2 − η n , where η n = 4ε n + 1 n (observe that π • φ n is an η n -submetry). Since x n → (1; 0, 0, 0) as n → +∞, it follows from Lemma 6.4 that x n is O(η n ) close to (1; 0, 0, 0). The same applies to y n obviously, and hence d ∞ (x n , y n ) = O(ε n ) as desired.
Asymptotics for the volume of Cayley balls and spheres
We now pass to the third part of this note and record some applications of our main theorem to volume asymptotics for Cayley balls and Cayley spheres in finitely generated nilpotent groups.
In the asymptotic cone, the metric d ∞ scales nicely under the dilation automorphisms, see (4.1). Hence the volume of balls obeys the law vol(B d∞ (id, t)) = Ct d , where C = vol(B d∞ (id, 1)). Here d is the Hausdorff dimension of (G ∞ , d ∞ ). It is an integer, given by the Bass-Guivarc'h formula [14, 3] :
. Combined with Theorem 2.2 this gives:
Corollary 8.1 (Volume asymptotics for balls). Let Γ be a nilpotent group generated by a finite set S with S = S −1 and 1 ∈ S. Let B S (n) = S n be the ball of radius n centered at id for the word metric ρ S induced by S. Let r be the nilpotency class of Γ. Then there is β r > 0 such that
and one can take β r = 1 if r 2 and β r = 2 3r if r > 2. When Γ is torsion-free, the constant c S above is the volume of the unit ball of the asymptotic cone B d∞ (id, 1) endowed with the Pansu limit metric, where the Haar measure is normalized so that in the Abelianization π(Γ) has co-volume one in
We recall that the asymptotics without error term was proved by Pansu in [19] and that the case r 2 is a result of Stoll [21] . We believe that our error term for r > 2 is not sharp and that the following holds:
for all finitely generated nilpotent groups.
The error term in the volume asymptotics for balls B S (n) in the Cayley graph of Γ is of course related to the volume of spheres S S (n) = B S (n) \ B S (n − 1). Clearly, if one has the asymptotics |B S (n)| = c S n d + O(n d−α ) for some α 1, then one also have |S S (n)| = O(n d−α ). However, the knowledge of an upper bound on the size of the spheres does not seem to give any information on the error terms in the volume of balls.
Corollary 8.3 (Volume of spheres).
There are constants C 1 , C 2 depending on S such that, for all n ∈ N we have
where β r is as in Theorem 8.1.
The upper bound follows immediately from Corollary 8.1, while the lower bound is a consequence of the following general fact: if Γ is any finitely generated group with word metric ρ S , then |B S (n)| 2n|S S (n)|. However, one can prove that these balls, when scaled back by the dilation δ 1 t , are only O( 1 t ) away from B d∞ (id, 1) in Hausdorff distance (for a Riemannian metric). Thus the volume asymptotics for B dS (id, t) would follow from the following conjectural statement about the unit ball for the Pansu limit metric d ∞ on the asymptotic cone G ∞ .
Conjecture 9.1 (Regularity of subFinsler spheres in Carnot groups). The unit sphere of the Pansu metric d ∞ is rectifiable with respect to any Riemannian distance on G ∞ . In particular, if the group G ∞ has topological dimension n, the sphere has finite n − 1-dimensional Lebesgue measure.
As it turns out, abnormal geodesics are also behind Conjecture 9.1 above, in fact they are the reason why this conjecture is not obvious and hence neither is the O(t d−1 ) error term in the volume asymptotics of t-balls for subFinsler metrics. Indeed, if there were no abnormal geodesics, the distance function g → d ∞ (id, g) would be Lipschitz and its level sets (the spheres) would be rectifiable.
We recall incidentally that for certain Carnot-Carathéodory manifolds, the distance function and the spheres are known to be not subanalytic, see [5] .
Even if abnormal curves exist in most Carnot groups, they are conjectured to be sparse. According to Montgomery [18, chapter 10.2] there ought to be a Sard theorem for the endpoint map, implying in particular that the set of points in G ∞ that can be reached by a singular curve of length at most 1, say, must be a nowhere dense set of zero Lebesgue measure. This is still an open problem for general Carnot groups. Should the answer be yes, it would then be possible to prove that subFinsler spheres are not fractal objects and that the n − 1-dimensional Lebesgue measure of subFinsler spheres is finite.
